This paper addresses the Hankel norm of polytopic systems with time-varying delay. Delay-dependent sufficient conditions are presented such that the polytopic system is stable and the Hankel norm of the polytopic system is less than a prescribed scalar in terms of linear matrix inequalities. A numerical example is presented.
Introduction
Delays exist in many physical, industrial and engineering systems because of the finite capabilities of information processing, data transmission among various parts of the systems, and inherent physical phenomena like mass transport flow recycling and the presence of large displacements and forces [1] . Delays can lead to poor performance and instability of control systems. The criteria for asymptotic stability of such systems can be classified as delayindependent, which does not include any information on the size of the delay [2] , or delay-dependent, which includes the information on the size of the delay [3∼8] and is less conservative than delay-independent stability criteria in general. The problem of H ∞ control for systems with delay has been investigated in [3, 8, 9] . A new descriptor model transformation and a corresponding Lyapunov-Krasovskii functional have been used to investigate the output-feedback H ∞ control problem of the systems with constant delays in the form of linear matrix inequalities in [4] . However, the shortcoming of this method is that the dimension of the equivalent descriptor forms is twice as much as the original systems, which means that it is difficult to obtain the solution to linear matrix inequalities if the dimension of the original systems is large. The delay-range-stability problem has been addressed for retarded systems with time-varying delay in [10] by using an appropriate type of Lyapunov functionals.
For time-invariant polytopic systems with constant delay, the robust stability and stabilization are studied in [11] . The time-varying delay case is investigated in [12, 13] with stability criteria less conservative through the introduction of slack variables into the linear matrix inequalities. The polytopic system has been extensively studied in the literature, as can be seen from [14, 15] , and the references listed therein. To our knowledge, the Hankel norm of polytopic systems with time-varying delay less than a scalar is a challenging topic worthwhile to tackle. X Y (X > Y ) means that X − Y is positive semidefinite (positive definite). M T represents the transpose of matrix M. 0 is a zero matrix and I n is an n × n identity matrix. L 2 [0, ∞) is the space of square-integrable vector functions over [0, ∞) with the norm denoted by
where · is the Euclidean vector norm.
Preliminaries
A polytopic system Σ with time-varying delay is given
, where x(t) ∈ R n is the state, u(t) ∈ R m is the control input which belongs to L 2 [0, ∞) and y(t) ∈ R p is the controlled output. A(t), A h (t), B(t), C(t), C h (t) are appropriately dimensioned continuous functions of time t, and satisfy the real convex polytopic model
and α i (t), i = 1, 2, · · · , q, are time-varying functions; C i , C hi , B i , A i and A hi , i = 1, 2, · · · , q, are constant matrices with appropriate dimensions. h(t) is the time-varying delay satisfying h 1 h(t) h 2 ,ḣ(t) μ with 0 h 1 < h 2 and μ > 0. Definition 1 [16] System Σ is said to be quadratically stable if under u (t) = 0, there exists a matrix P > 0 such that V (ξ) = ξ T P ξ decreases along every nonzero trajectory of system Σ.
Definition 2 [16, 17] Given a scalar γ, system Σ is said to be quadratically stable with a Hankel norm performance 443 γ, Σ H < γ, if it is quadratically stable and under zero initial condition
Main results
The Hankel norm of system Σ less than γ can be characterized by the following algebraic conditions. Theorem 1 System Σ is quadratically stable with a Hankel norm performance γ, Σ H < γ if there exist matrices P > 0,P > 0, Q j 0,Q j 0, j = 1, 2, 3, Z k > 0, Z k > 0 and N k , S k , M k ,N k ,S k andM k , k = 1, 2 such that for i = 1, 2, · · · , q,
where * denotes the symmetric terms in a symmetric matrix and
And it is easy to obtain thaṫ
From the proof of Theorem 1 in [10] , we havė
which is equivalent to
By integrating both sides of (5) from 0 to T, and x(0) = 0, ∀t ∈ [−h, 0], it is easy to show that
By considering Lyapunov functional candidatē
with u(t) = 0, it is easy to find thaṫ 
which further gives
Thus, together with (7), it yieldṡ
which leads to
Due to
which, combined with (6), (3) and (4), yields
which shows Σ H < γ from Definition 2. When p = 1, system Σ becomes a retarded system
without uncertainties. The Hankel norm of a retarded system less than γ can be implied from Theorem 1 and is shown in the following corollary. Corollary 1 System Σ rd is said to be asymptotically stable with a Hankel norm performance γ, Σ rd H < γ if there exist matrices P > 0,P > 0, Q j 0,Q j 0, j = 1, 2, 3, Z k > 0,Z k > 0, and N k , S ki , M ki ,N k ,S k andM k , k = 1, 2 such that (3), (4) and
where
without time-varying delay. The following corollary can be implied from Theorem 1 for the Hankel norm of system Σ p less than γ. Corollary 2 System Σ p is quadratically stable and Σ p H < γ if there exist matrices P > 0 andP > 0 such that for i = 1, 2, · · · , q,
which coincides with the results in [18] .
Numerical example
A polytopic system Σ is considered with system matrices given by Therefore, system Σ is quadratically stable and Σ H < γ = 0.53.
The state and output of polytopic system Σ are plotted in Figs. 1 and 2 when u (t) = exp(−t) and α 1 (t) = 1 1 + t 2 , α 2 (t) = t 2 1 + t 2 . It can be shown in Fig. 1 that system Σ is quadratically stable. 
Conclusion
This paper has established delay-dependent sufficient conditions for the Hankel norm of a polytopic system with time-varying delay less than a scalar in terms of linear matrix inequalities. The solutions can be obtained by solving linear matrix inequalities. The presented results cover the corresponding results for polytopic systems without delay as a special case.
